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INTRODUCTION 
The Massive Blowing Problem 
The heat shield of a re-entry vehicle must be designed 
to protect the payload the vehicle is required to deliver. 
For the velocities encountered in earth satellite re-entry, 
the heat transfer to the heat shield is primarily convective 
since the temperature rise produced by the passage of air 
through the strong bow shock is not great enough to induce 
significant thermal radiation. For missions involving re­
entry of interplanetary flights, the velocities become so 
high that the primary mode of heat transfer to the body is 
thermal radiation from the hot gas cap produced by the bow 
shock. 
A similar problem involving high energy transfer to a 
heat shield occurs when a re-entry vehicle encounters the 
blast from the nuclear warhead of an armed Interceptor. This 
nuclear encounter provides an environment in which energy 
transfer (thermal radiation) to the re-entry vehicle may 
produce a massive ablation similar to that experienced at 
super orbital velocities. The most significant difference 
between the high speed re-entry case and the nuclear 
encounter is the source of the radiation flux. In the 
re-entry problem, the conversion of kinetic energy to ther­
mal energy through the shock wave causes post shock radiation 
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while the environment in the case of a nuclear encounter pro­
vides extremely high flux levels. 
The heat shields used to protect payloads at super 
orbital velocities or during a nuclear encounter are the 
ablating type in which energy transfer to the shield is 
dissipated by an ablation process. This energy transfer to 
the ablator can be large under the stated conditions. In 
effectively dissipating the energy, large amounts of mass 
are injected from the heat shield into the shock layer. The 
resulting flow field is then composed of a layer of shock-
heated air over a layer of gaseous ablation products with the 
two separated by a viscous mixing zone. If the blowing 
velocity at the body surface is large, the viscous effects 
are concentrated in the region between the two layers. This 
is sometimes referred to as the blown-off boundary layer and, 
herein, is a characteristic of the massive blowing problem. 
Hence, in this analysis, the term massive blowing will 
imply injection of ablation products from the body surface 
into the oncoming flow such that the usual boundary layer 
and shock layer are blown completely off the body surface. 
Historical Background 
Ting (l) has considered the problem of a flat plate with 
massive ablation at the body surface. The viscous shear 
layer was replaced by a contact surface and the ablation layer 
was treated as an incompressible flow field. The problem 
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of solving the flow field of a cone undergoing normal 
injection at the wall has been solved by Aroesty and Davis 
(2). Both the inner and outer fluid layers were assumed to 
be conical and the shear layer was replaced by a contact 
surface. They considered only normal blowing and have 
reported results for the incompressible flow case and only 
one compressible problem. More recently Ulltang (3) has 
solved the conical flow problem for both compressible and 
incompressible flow with arbitrary injection angles. His 
results verify the restricted data presented in (2) and 
extend the range of injection angles and Mach numbers covered 
by available solutions. Emanuel (4) has also extended the 
results of (2) and considers essentially the problems covered 
in (3). Other similar work has been reported in (5) and X5). 
The problem of a two-dimensional blunt cylinder under­
going massive ablation has been considered by Kutler (7). 
He assumed inviscid flow of a perfect gas with the air and 
ablation layers separated by a contact surface. In this 
analysis, the contact surface was taken to be a fixed cylindri­
cal shape and the blowing maas distribution was determined. 
Kutler used a one strip integral method in both layers. His 
analysis shows that the outer flow can be determined 
independently of the inner flow using one strip with a 
cylindrical contact surface. This is a result of assuming a 
fixed shape for the contact surface and a one strip approxi­
mation in both layers. The validity of an ablation layer 
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Invlscld flow model has been demonstrated formally by Zeiberg 
(8) for the case of large injection. Inger (9_, 10) has pro­
vided a comparison of several solution methods for strong, 
incompressible blowing from a flat plate. Experimentally, 
Pappas and Okuno (ll), for example, found that at higher 
rate's of injection the heat transfer approaches zero, 
indicating a nearly inviscid flow field near the body or a 
blown-off boundary layer. 
The problem of cooling by use of large rates of injection 
from an axisymmetric stagnation point has been considered 
in (12) through (15). In these papers the injection of the 
fluid occurs only at the stagnation point and not over the 
complete body surface. However, the stagnation point analysis 
presented is pertinent to the massive blowing problem. Libby 
(12) presented a theoretical study of the axisymmetric 
boundary layer for large air-to-air injection rates. The 
numerical results of his attached boundary layer analysis 
indicated that the flow consisted of a relatively thick 
inner layer having constant shear, temperature, and composi­
tion and a thin free-mixing region at the outer edge of the 
boundary layer. The boundary layer thickness was found to 
increase substantially as a result of large injection rates. 
These results suggested an inviscid model for the flow at a 
stagnation point with large rates of Injection. The analysis 
of the constant-density shock layer for this model was pre­
sented in Cresci and Libby (13). In this model the shock 
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layer was taken to be incompressible and rotational and the 
thin outer layer was idealized as an interface, across which 
the tangential velocity, molecular weight, and temperature 
were discontinuous. The attached boundary layer analysis of 
Libby was extended to include helium injection in Pox and 
Libby (l4) and the results were compared to results using the 
inviscid model of (l3). Pox and Libby indicate that, since 
the analysis of the inviscid model includes sphericity, it 
yields in one sense a better representation of the shear 
layer than do the boundary layer solutions which are based 
on cylindrical coordinates and which are therefore only 
applicable to thin layers. 
Katzen and Kaattari (l6) have considered the effects of 
vapor injection on the subsonic flow field of a spherical 
blunt body moving at hypersonic speed. They have assumed an 
inviscid flow field pattern like that of (7) and a spherical 
interface across which no mixing occurs. They further assume 
that the gas is injected at subsonic speeds and that the 
flow in the vapor layer is incompressible. 
Two more recent investigations of mass injection on re­
entry vehicles are those of De Rienzo and Pallone (17) and of 
Marvin and Pope (18). Reference(17)covers large rates of 
injection only at an axisymmetric stagnation point but the 
injection rates are not large enough to be considered in the 
class of the blown-off boundary layer problem. In like 
manner the injection rates used in (l8) also exclude it from 
this class of problem. Many other investigations have been 
put forth considering mass addition to the boundary layer but 
at injection rates low enough so that the usual boundary 
layer theory is applicable. 
• Experimental justification for using a blunt body flow 
field model like that used in many of the afore-mentioned 
references can be found. Watts (19)^ from an experimental 
investigation of a jet directed upstream against a uniform 
supersonic field, presents photographs of such a flow field. 
Warren (20) and Wood (21) have shown similar experimental 
results as have References (22) through (25). A later 
experimental investigation' by Barber (26) provides further 
evidence of the type of flow field pattern proposed for 
analytical work. Kaattari (2j) presented the results of an 
experimental study of the effect on the bow shock of simulated 
gaseous ablation through the stagnation region of a spherical-
segment model. He concluded that a uniform interface exists 
in the shock layer between the injected gas and the oncoming 
air stream and that the location of the bow shock was pre­
dicted by treating the interface as a solid body; More 
recently, Hartunian and Spencer (28, 29) have proposed a 
simple technique, using an afterglow phenomena, for visualizing 
the dividing streamline (interface) and have provided 
experimental data for massive blowing on a wedge, cone, and 
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blunted body. In their work, both the boundary layer and 
shock layer are blown completely off the model wall. 
The inclusion of viscous effects between two inviscid 
fields near a dividing streamline has received limited study. 
Prosnak (30) provided an analysis of viscous flow near an 
interface for the non-mixing problem but did not account for 
the effects of compressibility. Hence, the addition of 
viscous effects near the dividing streamline requires a brief 
consideration of the available solutions of the viscous blunt 
body problem. A review of this area up to I962 is presented 
by Van Dyke (31) while Cheng (32) has reviewed the viscous 
hypersonic blunt body problem through 1964. Three techniques 
for solving the viscous problem in the stagnation region have 
been concisely covered by Kao (33, 34). These are direct 
integration through the shock wave to the free stream, the 
viscous-layer approximation, and higher-order boundary layer 
theory. The choice of which approach to use in a given 
problem is generally considered dependent on the Reynolds 
number that characterizes the particular flow problem. In 
general, the above three methods have been used in the low, 
intermediate, and high Reynolds number cases, respectively. 
In many studies the objective has been to extend the latter 
two methods into the lower Reynolds number range; that is, 
into the non-continuum flow area. 
Direct integration has been performed by Kao (33, 34) 
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and Levlnsky and Yoshihara (35)  who have essentially used 
local similarity methods to simplify the Navier-Stokes 
equations. This method requires no assumption regarding the 
flow between the free stream and the body surface and the 
shock wave appears as a result rather than a premise. 
• The viscous layer approximation assumes a discontinuous 
shock wave with small viscous stress and conductive heat 
transfer immediately behind it. The requirement of a thin 
shock layer is an additional assumption implicit in most of 
the viscous layer analyses. This approach is used with 
various additional assumptions in many of the available 
viscous blunt body papers. Some of the more basis works 
covering this approach are Probstein and Kemp (36), Cheng 
(37)J Chow (38), Herring (39), Ho and Probstein (40), 
Hoshizaki (4l), Oguchi (42, 43), Chung (44), and Hayes 
and Probstein (45). The more recent studies in this general 
area, such as Shih and Krupp (46), are primarily concerned 
with the inclusion of nonequilibrium, real gas effects within 
the framework of the viscous layer approximation. 
Higher-order theori'es of the compressible laminar 
boundary layer, with application to blunt bodies, have been 
advanced by Lenard (47), Maslen (48), and Vart Dyke (49). 
Van Dyke's approach (49-52) appears to be the most systematic 
and straightforward. This theory is concerned with the 
penetration into the transition regime from the high Reynolds 
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number end of the flight spectrum. An essential step in this 
method is the matching of the boundary layer solution with 
the outer flow. The mathematical procedure is based on the 
method of inner and outer expansions (matched asymptotic 
expansions) as advanced by Priedrichs (53)j Kaplun ($4), 
Lagerstrom and Cole (55), Kaplun and Lagerstrom (56), Kaplun 
(57), Lagerstrom (58), Van Dyke (59), and Erdelyi (6o). This 
expansion procedure results in replacing the Navier-Stokes 
equations by two separate sets of equations; one set which 
is valid in an outer inviscid region and another set which is 
valid in an inner viscous (boundary layer) region. The 
solutions of these sets are then matched at the outer edge 
of the boundary layer using the matching principle of 
Lagerstrom (58) or Van Dyke (59). 
With the exception of the flat plate and the corresponding 
problem in the axisymmetric case studied by Maslen (48), 
studies of compressible boundary layers based on the higher-
order theory have been made chiefly for the stagnation region 
of a sphere. Second-order effects downstream of the 
stagnation region have been studied by Davis and Flugge-Lotz 
(61, 62) and Pannelop and Plugge-Lotz (63). Applying 
Van Dyke's higher-order theory with the aid of a finite-
difference method, Davis and Plugge-Lotz studied the boundary 
layer and the second-order effects for hypersonic flows past 
paraboloidal, hyperboloidal, and spherical bodies. The 
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corresponding problem of a boundary layer around a circular 
cylinder in hypersonic flow has been analyzed by Pannelop 
and Fliigge-Lotz. 
Some of the more recent works considering both inviscid 
and viscous hypersonic blunt body problems have used the so-
called series truncation method to simplify the original 
partial differential equations. This method is proving to be 
of great value in the solution of various blunt body problems. 
Swigart (64) has applied this method to inviscid axisymmetric 
blunt body flows with angle of attack. Van Dyke (65, 66, 67) 
has applied this technique to several different inviscid 
hypersonic flow problems with good results. More recently, 
Conti (68) has used series truncation to study nonequilibrium 
inviscid flows behind a spherical segment shock wave. Davis 
and Chyu (69) have used this method to study constant density 
viscous hypersonic flow past a sphere while Shih and Krupp 
(46) have studied the continuum viscous thin shock layer region 
including chemical nonequilibrium effects using series 
truncation. Kao (33, 34) has applied a series truncation 
approach to the viscous stagnation region on a sphere. He 
uses this approach to arrive at the viscous layer approxi­
mation and further extends this to a third-order boundary 
layer solution using the higher-order boundary layer theory 
approach of Van Dyke (49). 
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Present Goals 
The objective of this study is to examine the structure 
of the stagnation region flow field on a sphere generated by 
massive blowing and to determine the significant parameters 
that prescribe the geometry__of the resulting flow field. 
This is accomplished using the series truncation method 
(local similarity) in combination with the second-order 
boundary layer theory method of inner and outer expansions. 
This method of attack has been applied successfully to the 
viscous blunt body problem without massive blowing by Kao 
(33J 34) and is also effective in analyzing the problem which 
includes an additional ablation layer. The solution of the 
describing equations provides the shock wave and dividing 
streamline stand-off distances as well as all fluid dynamic 
variables in both layers near the axis of symmetry. The 
results are a neces&ary step toward the complete analysis 
of the flow field generated when high energy transfer to a 
heat shield causes massive ablation of the heat shield 
material. 
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LIST OP SYMBOLS 
Variables 
C = defined by Equations 19 and 43 
C = (h/U^)2,•constant proportionality for viscosity law 
« 00 
^ A P 
h • = (h/U ), ditnensionless enthalpy 
H = defined by Equation 12 
k = coefficient of heat conductivity 
Mgg = free stream Mach number 
P = (p/p dimenslonless pressure 
00 CO 
P = defined by Equation 12 
= (Cpia/k), Prandtl number 
r = (r/r^g), dimenslonless radial distance 
r' = dimenslonless radial distance in displaced coordinate 
system 
r^^ = dividing streamline radius 
R = defined by Equation 12 
Rg = Reynolds number 
u = (u/U ), dimenslonless tangential velocity component 
U = defined by Equation 12 
Û = free stream velocity 
00 
V = (v/tj^)j dimenslonless normal velocity component 
V = defined by Equation 12 
V = specific heat ratio 
6 = displacement effect defined by Equation 79 
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T] = (r-r^g)/e, magnified normal coordinate 
0 = angle between r and the axis of symmetry 
0' = angle between r' and the axis of symmetry 
0" = angle of rotation of the velocity vector 
= (u/^g)J dimensionless viscosity coefficient 
= (p/p ), dimensionless density 
CO 
Subscripts 
b = body condition 
ci = first- or second-order composite solution (i=l,2) 
ds = dividing streamline condition 
i = order of expansion in powers of e (i=l,2) 
ij = order of expansion in powers of 0 and sin 8, 
respectively (i,j=l,2) 
n = quantity measured in displaced coordinate system 
s = condition immediately behind the shock wave 
t = total condition 
00 = free stream condition 
Other 
("") = ablation products layer quantity 
( ) = physical quantity 
= differentiation with respect to r or r) 
= partial differentiation with respect to ( ) 
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ANALYTICAL DEVELOPMENT' 
Mathematical Model, Basic Equations, and Boundary Conditions 
The mathematical model which Is used in this analysis 
is Illustrated in Figure 1 and consists of an outer layer of 
shock-heated air over an inner layer of gaseous ablation pro­
ducts. The gases in both layers are assumed to be perfect 
with arbitrary but constant specific heat ratios and the 
fluid injection is assumed to be normal. It Is also assumed 
that no mixing occurs between the air and ablation layers 
and that radiative energy transfer may be neglected as a 
first approximation in studying the fluid mechanics of the 
massive blowing problem. Additionally, it is assumed that 
the characteristic Reynolds numbers of the two layers in this 
problem are such that second-order boundary layer theory is 
applicable. Hence, the describing equations for the stagna­
tion analysis may be developed following the procedures out­
lined by Kao (33, 34) and Van Dyke (49). 
As Illustrated in Figure 1, a spherical polar coordinate 
system is used. The flow quantities are made dimensionless 
by dividing by the free stream conditions, as shown in the 
List of Symbols. The Reynolds number used is of the mixed 
type, Rg = where denotes the coefficient of 
viscosity on the axis of symmetry Immediately behind the 
shock wave. This Reynolds number form is assumed to be 
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characteristic of both layers in the following development. 
The equations of motion for the dimensionless variables 
are 
r +1^^ + p(2v + u oot e) = 0 (1) 
- I u (r I? + V + u oot e)]+ ^  (#)+ ^  If] 
+ r ^ e)cot e 
( 2 )  
H - P . Ill - #) = 1- , II - |u (|| H- 2V 
+ u oot e)] + ^  i IjC^r (?) + 2 i; ? - ?) 
- 1" ie + cot e -r® 8 - I# cot 8] 
C3) 
+  &  I f  ( # ) +  # # ] h - +  #  
+ «)'+ t #)+ 
(4) 
P = (y - l)p h/Y (5) 
li = C- h^ (6) 
These are, respectively, the equations of continuity, tan­
gential momentum, normal momentum, energy, state, and 
viscosity. For Integration of these equations, the shock 
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wave, dividing streamline, and body are assumed to be con­
centric spheres with the origin of the coordinate system at 
the center of the spheres. 
The Rankine-Hugoniot relations are the boundary conditions 
to be used at the shock and are 
^2 „,„2, ( L  — sin B )  -  ( Y ~  1 ) 
Y ( Y  +  
(7)  
Ug = sin e (8) 
-3 (9)  
[2yM^(1 - sin^0)-(Y-l)][M^(Y-l)(l - sin^e)+2] 
h n p (lO) 
M^(Y-1)(Y+1) (1-sln^e) 
Across the dividing streamline, the solution is required 
to satisfy general matching conditions which are equality of 
pressure, velocity components, enthalpy, shear stress, and 
heat transfer as well as no fluid mixing. Following Prosnak 
(30), these are represented mathematically as follows: 
PDS ~ PDS 
^DS " ^ DS 
^DS 
II 
XD 
II O
 
(11) 
^D8 = ^DS 
[u(a%/sr)]d8 = [u(aû/ar)]ag 
[k(ah/ar)]ag = [G(a&/3r)]ag 
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The body surface conditions are chosen quantities within 
the restrictions imposed by the dividing streamline pressure 
matching condition and the requirement of normal blowing, 
u^=0. 
The above equations of motion are to be studied in the 
stagnation region of a sphere using the method of inner and 
outer expansions to second-order. To accomplish this, one 
could follow the procedure of Kao (33, 34); that is, simplify 
the equations of motion using series truncation to obtain 
the describing equations near the axis of symmetry and then 
apply the required asymptotic expansions to obtain the 
describing invlscid or viscous equations for the various flow 
field regions. However, in this work, the results obtained 
from the stagnation region analysis are Intended to serve as 
initial conditions for the complete flow field analysis. 
With this in mind, the approach used here is to apply first 
the asymptotic expansions to the equations of motion to obtain 
describing equations for the complete flow field as in Van 
Dyke (4$). Then, the series truncation technique of Kao (33) 
is applied to reduce these equations to stagnation region 
form. It can be shown that the resulting equations are 
identical in either case. 
Reynolds Number Expansion Scheme 
The classical boundary layer theory of Prandtl gives the 
leading terms in an asymptotic expansion for large Reynolds 
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number. If the Reynolds number is not large, more than one 
term may be required for adequate accuracy. Counting 
Prandtl's as the first, we shall calculate the second 
approximation. 
Viscosity is assumed to be significant only in the 
viscous layers near the dividing streamline; the viscous 
layers being separated from the shock and body by regions 
of nearly inviscid flow. Thus, as shown in Figure 2, the 
flow field Is composed of five layers: free stream, air 
inviscid field, air boundary layer, ablation products 
boundary layer, and ablation products inviscid layer. 
We apply the concepts of boundary layer theory, using 
what is known as the method of inner and outer expansions or 
matched asymptotic expansions. The procedure to be followed 
is outlined as follows: Expand the flow quantities asymptoti­
cally for large Reynolds number, using appropriately magnified 
variables for each region. (The expansions for the flow field 
ahead of the shock wave are trivial, being just the uniform 
stream.) Substitute these expansions into the governing 
equations and boundary conditions to obtain the system 
required for the complete flow field analysis. Prom Van Dyke 
(49), it is known that the thickness of the boundary layer 
is proportional to g, whereas that of the shock wave is 
2 proportional to e where e = R^ ^. The expansion scheme 
and the magnification factors for the normal coordinates are 
taken in accord with these estimates. 
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In the nearly invlscid regions, the flow variables are 
assumed to have the expansions 
p(r,0) _P^(r,8j + e Pgfr,8) + 
h(r,0) ^ H^(r,0) + e 'E^{v,q) + 
u(r, e) _ U^(r,8) + e UgC^^e) + (12) 
v(r,8) ^ V^(r,0) + g VgfrfO) + 
pC^jS) ~ s ^2(^,0) + 
Here the subscripts refer to the order of the boundary layer 
approximation. We assume that all coefficients in Equation 
12 and their derivatives are of order unity in the region 
where the expansions apply. Then substituting Equation 12 
into the equations of motion and equating like powers of e 
yields the first- and second-order inviscid equations. The 
first-order inviscid equations (Euler equations) are 
3U 
90 
i + 2V^ + U^cot 0=0 (13) 
ÔP-, P. BU, 3U, 
•sr - ''•^1 iT «1 sT Vi' = 0 
mi 
?! = (Y-l)RiH^/Y (17) 
which may be compared to those given in Van I)yke (49). 
These are, respectively, the inviscid equations of continuity. 
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tangential momentum, normal momentum, energy, and state to 
first-order in e. It may be shown that Equation l6 is 
equivalent to 
1:) ^  - 0 (18) 
"l Y 
Which means that P^/R^ is constant along streamlines and, 
hence, so is first-order entropy. Then, using the expansions, 
we have for the air layer and ablation layer, respectively 
0 = f^/Rl _ p/pV 
C = P^/RV _ (19) 
Also, the equations may be used to show that the first-order 
stagnation enthalpy is constant along streamlines; that is, 
2 2 — Hi = + |-(U^+V^) = constant; (H^ = constant) 
(20) 
The second-order inviscid equations are 
rv ,1 a?! 1 ^2 aflt ^1,332 Hg sHi 
ôF" - ÏL[^-Ô? " 
avg aUg 
+ r + 2V2 + UgCOt 0 = 0 (21) 
BU^ aUp. , aU: 
aF" +'^1 aF-)'^(^2 JT +^i -^)+(%+%)]}= 0 
(22) 
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^ +(FÏ) ^C(V $ + 
ôv, avp -, ôv, ôvp p 
+^[(^2 âr + ^ 1 -5^)+ ? (^2 it ^ >^1 âf)- i %]]- 0 
(^) ^ {C(v ^ )(' i w + ^  +^1 #) 
+ ^(°2 ^  ^):3-[(^2 W ?(^2 W «1 IF)>° 
(24) 
pg = (y-1)(r2% + rihgj/y (25) 
These are, respectively, the inviscid equations of continuity, 
tangential momentum, normal momentum, energy, and state to 
second-order in g. These are also inviscid equations, because 
the viscous terms in the Navier-Stokes equations appear 
p 
multiplied by e and so affect only the third approximation. 
They describe small perturbations of the basic flow given 
by the first approximation. 
In the boundary layers near the dividing streamline, the 
flow variables are assumed to have the expansions 
p(r,o) ~P]_(tij0) +e PgXn'G)^ 
u(r,g) ~ u^(tij0) +e U2(ri^0) + 
v(r,0) ^ ev^(Ti^ 0 )+e^V2(n^ fl ) + (26) 
h(r,o) ~ h^ (r^e) +e 
p(r,8) ~ P]_ (r^g) +e 
Here, t] = (r-r^g)/G is the usual magnified normal coordinate 
of boundary layer theory,being the dimensionless dividing 
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streamline radius along the axis of symmetry, which has been 
normalized to unity. The subscripts have the same meaning 
as in the inviscid expansions. Hence, the first- and second-
order viscous equations can be obtained as in the inviscid 
case where the first-order equations (classical boundary layer 
equations) are 
3V, ÔU. V, ah. n ôp-, n ah. 
^ds + a;- + 0 - ^ds h^ô^r° 
(27) 
^ • 41? w-A, 
(28) 
= 0 (29) 
an 
I t - I ?  
TZ i»l l!rJ ari •- -1- ÔT1 
Pi  = (31)  
and the second-order viscous equations are 
bvg ôv, ^ug v^l^l ^2 °^1 
'11 — + -p- + ^ ^1 + ^ 2 8+ ( y^^-hr" ' [^ds ds an an a^ % 2 — «" 'v-i' h^^ l'ds h]_ 9^ 
"a. It '*" § Iri-s'fc s' -11?' 
24 
2 
^ hf ^ +C ' [^ __i ^  + hf 1 + -J4. __2 _J: 
^ds 1 2h2 an an 1 2 ^hf an an 
2 hg Ô u^ hg au^ u^ ôh^ h| 
+ 
2hj ÔT]^ 4hp^ an ÔT1 2r^sh| ^n : . ^ds ^n 
= T IT - ^  IF ^ -1 ^  
ds 
1 ! a^2 ^ s^l. , 3^1 
+pi[î:^(uiv^+u, _ +u2 — - y ^
ds 
3up 
+Vi—)]) (33) 
^•'4 »" 
n sh^ 9^2 3pp ^2 ap-i ^-1 ôpp 
«#"I; 'V T -.I" ' $: 
+ ra,g:+n^)3-^|;[ra,4^], (35) 
pg = (y-ljfpgbi+oibg)/? (36) 
These are, respectively, the viscous equations of continuity, 
tangential momentum, normal momentum, energy, and state to 
first- and second-order, in e. These are comparable to the 
equations presented by Van Dyke (49). 
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Series Truncation Expansion Scheme 
The flow variables are expanded about the axis of symmetry 
with respect to sin 6 using just the first truncation form 
given by Kao (33). For the inviscid flow region, the expan­
sions are 
p^(r,0) ~ sin^g 
U.(r,e) ~ U (r) sin g 
/ N , , (37) 
V^(r,e) _ -V^^(r) cos 6 
h^(r,0) ~ h^^(r) 
where the subscript i denotes the g-order of the term 
(i= 1 or 2) and the numerical subscript denotes the g-order 
of the term. The above expansion form is used so that, when 
applied, the number of resulting equations is equal to the 
number of dependent variables and the equations will be 
solvable. This problem is concerned with the ellipticity of 
the describing equations in the subsonic region and the 
resulting backward influence. This is discussed in detail 
by Kao (33) and Swigart (64). 
Assuming that the coefficients in the expansions and 
their derivatives are of order unity, we substitute the above 
into the first-order inviscid equations. Equations 13-20, 
with i=l. Equating first-order terms in 0, we obtain the 
first-order set of inviscid stagnation region equations. 
These are 
26 
/-I y" 1
fil = [2ypmv,,(u,,-v,.)]/[r(v2 yo^/yp )] (38) 11 - '11/j/l"\ '11 y- "11 
'il - [Vll(%ll-Vll)+2(0/Pll)'/"Pl2]/rVll 
Vj_i = (40) 
Hii = (C/P^^),^/Yp,^ (41) 
p{2 " (vr)(c/p^^) ^ ^ll(^ll"^ll)^t(pi2/pii) 
-l]p{l (42) 
c = pllq/rll, - ps/ps (g . pb/^z) (43) 
S S D D 
kilt = «11 +til (44) 
Equations 38-41, 43, and 44 are of first-order in e and e while 
Equation 42 is of first-order in e and second-order in 0. 
Equation 42 is obtained from the normal momentum equation 
and must be included because of the presence of the second 
term in the pressure expansion in Equation 37. 
The second set of invlscid stagnation region equations 
are obtained from Equations 21-25 using 1 = 1 or 2 as required 
in Equation 37 and are as follows: 
-^llwil 
2yv,. 
+ -r^[p21 (%11-vll)+pii (^21-^21 )]} x 
Y-1 
[v^- ]"^ (45) 
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^21 " ' (^"21 ) 
+2 (|_)vv^p^^.p^^(^ + ^ )1} (46) 
"21 ° + ^ )pil - pal) (47) 
%1 = - (%)«IL (48) 
f22 = (^ - l)f21+ ?(^5^)'/^[0ll("21-v2l)+(021 
+ %^)("11-^11)]+[% - %(%)fil (49) 
Equations 45-48 are of second-order in g and first-order in 
0 while Equation 49 is second-order in e and 0 for the same 
reason as indicated above for Equation 42. In the above 
equations_j_ the prime _refers to differentiation with respect 
to r arid the first subscript denotes the g-order of the term 
while the second denotes the 0-order. 
Similarly, the first truncation form of the series expan­
sions for the viscous region variables is 
pj^cri^e) 
ujon's) ~ uiicn) sin 0 
(50) 
Vj_(Ti ,e)  ~ -v^i(n) cos 0 
fi ) ~ 
where the subscripts have the same meaning as in the 
inviscid case above. 
Substituting into Equations 27-31 with i = 1 gives the 
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first-order stagnation region viscous equations as 
"îi -W™ ^ '«•  
. Pil = 0 (53) 
h" - ^ r pll^ll4l /cai 
11 C ( Y-1) "372 2h,, (54) 
nil 
Pi2 = 0 (55) 
and into Equations 32-36 with 1=1 or 2 as required gives the 
second-order stagnation region viscous equations as 
vmhan v^nhnn h ' 
v," '  = +(V3T- _11_21)_11 +._2_ („ -v,-^u,j 
21 hii '21 hii 'hii r^g \"21 '11 r,, "11 
^21 = p,. 3/2(^11^22*^^21^12^^(ihTT r^)T^ll 
^ds^ ^ 11 
(56) 
+ (y-l)(% 3/2^'^piai(^^21~^11^"^p21"i1 
^ds^ ^ 11 
"^ds^ll (^11^21 ''''^21^il^"^dsp21^1l"il"^pll^ll"il3 
"(2r^gh^^^l^^ds(hl"21 ^21^11 ^"*"^^11^11 +^^11^11 
hl"ll^ 
^21^11^11 
4h: 11 
p21 
h^l 
= 0 
c (y-1) h 3/2[pll(^11^2l"'"^21^il^"'"^21^11^11 ] 
3h, 
Y 
2h 
h 11 
-cl 
11 
ds 
+ 
^21^11 hi / 
+ —irr ] k I 4h 11 '11 2h 
21 
11 
)hii 
(57) 
(58) 
(59) 
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"n (s») 
Where, as in the inviscid case. Equations 55 and 60 are of 
second-order in 0 and arise from the normal momentum equations, 
The subscript notation here is the same as for the inviscid 
equations but the prime now refers to differentiation with 
respect to t). 
These then are the basic systems of ordinary differential 
equations to be used herein for the stagnation region analysis 
of the two layer massive blowing problem. 
Matching Conditions 
The success of the method of inner and outer expansions 
depends upon the proper use of the matching conditions, since 
neither the inviscid nor the viscous solution satisfies all 
the prescribed boundary conditions. The former violates the 
viscous dividing streamline conditions whereas the latter 
generally falls to satisfy the upstream,conditions. Therefore 
the boundary layer matching conditions are used- to provide 
the missing boundary conditions. The classical boundary 
layer solution is matched at its outer edge with the 
inviscid solution at the surface. The same principle 
applies here; but in a more general fashion: to obtain a 
viscous solution of any order requires the knowledge of 
adjacent inviscid solutions of the same order which, in 
turn, requires the knowledge of both inviscid and viscous 
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solutions of lower orders (see Figure 2). Following Van 
Dyke (49), they are matched by a matching principle that 
can be expressed symbolically as 
i- term viscous expansion (of the j-term inviscid expansion) 
= j-term inviscid expansion (of the i-term viscous expansion) 
(61) 
This is applied for the i^^ g-order viscous equations with 
i = j, and for the e-order inviscid equations with i = j-1. 
Application of this principle for each order approximation 
is indicated in the next section. 
The matching conditions across the dividing streamline, 
as given by Equation 11, may be obtained in the appropriate 
form by applying the required form of the e and e expansions 
given previously in Equations 12, 26, 37, and 50. With 
regard to these conditions, we assume that the viscosity 
law in the air and ablation layers is the same and that the 
thermal conductivities in the two layers are equal (k=Ic). 
These additional assumptions reduce the general tangential 
velocity and enthalpy derivative conditions across the 
dividing streamline to the simple equalities: 
^ds - ^ ds (62) 
The conditions which result after application of the* expan­
sions are provided in the next section as are the modified 
shock wave and body boundary conditions. 
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Composite Solutions 
Once the solutions for the various inviscid and viscous 
expansion terms up to the second-order approximation have been 
obtained, they must be combined to give a uniform solution 
throughout the flow field since none of the expansions is 
valid in the entire region. The remedy is to construct a 
composite expansion that combines elements of each expansion 
and thus provides a smooth transition from one to the other. 
Two methods are available, the additive correction or the 
multiplicative correction as proposed by Van Dyke (59). 
The latter is used herein and can be written symbolically as 
composite expansion 
(63) 
where the viscous expansion is given by Equation 26 and the 
inviscid by Equation 12. The denominator consists of the 
viscous expansion expanded in terms of the inviscid coordi­
nate, r. Thus, the inviscid expansion is multiplied by a 
correction factor consisting of the ratio of the viscous 
expansion to its inviscid expansion. Application of this 
principle herein is Indicated in the next section. 
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DISCUSSION OP SOLUTION PROCEDURE 
First-order Inviscld Plow 
For the air layer,.the first-order inviscid equations. 
Equations 38-42, are integrated from the first-order shock 
wave to the dividing streamline. The initial conditions used 
are obtained from the application of the e and g expansions. 
Equations 12 and 37, to the Rankine-Hugoniot relations given 
in Equations Y - 10 and are 
1 + y(2m^ -1) 
p « 
y(y+1)m 
(y-i)M^ +2 (64) 
v.. 
^^s (y+1)C 
[2Y ( Y -1)M^  - ( Y ^-6Y +1)M^-2(Y -1)] 
~ -(y-dcy+d^m^ 
pl2s = - (w) 
The dividing streamline condition, (r^^ ) = 0 at r^^ = 1^ 
is used as the terminal condition. The fact that there is 
one more boundary condition than equations arises because 
the shock stand-off distance is an additional unknown which 
must be assumed initially. Hence, the solution requires 
repeated integration of the equations using adjusted shock 
stand-off distances until the dividing streamline terminal 
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condition is satisfied. In this work, the initial stand-off 
distances used were taken from Lomax and Inouye (70). The 
adjusted shock stand-off distance was obtained by applying 
Newton's method to the normal velocity at the dividing 
streamline. 
For the ablation layer, the first-order inviscid 
equations. Equations 38-42 in terms of ("") quantities, are 
integrated from the first-order body to the dividing stream­
line. The initial conditions at the body, P-,-, , V.. , 
b b 
H--, , and P, ^  j are, in general, chosen arbitrarily while the j-i-b 
normal blowing condition, U.,, = 0, is a rigid condition. 
-l-^b 
Again, the body stand-off distance is an additional unknown 
and requires the use of the terminal condition, V^^(r^g) = 0 
at r^g = 1, for the sixth boundary condition. It is noted 
from the first-order viscous Equations 53 and 55 that the 
pressure terms are constant through the first-order viscous 
layers. Hence, the ablation layer solution must satisfy a 
pressure and normal velocity match at the dividing streamline, 
that is, 
'lid. ° ""lias ' 
These result after applying the required expansions to the 
desired dividing streamline matching conditions. 
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The solution again requires an iterative integration of 
the equation system with regard to the unknown body stand-off 
distance as in the air layer and, in addition, the body 
pressure conditions, P,, and P-, o , must be adjusted so that 
•^•^b b 
the terminal condition and pressure match above are satisfied 
simultaneously. 
The combination of the above first-order inviscid solu­
tions gives an overall solution of the two layer problem 
where two inviscid layers are separated by a contact surface. 
Results for this type of solution are presented in Figures 
5 through 13. 
First-order Viscous Plow 
The solution of the first-order viscous air and 
ablation layers requires integration of Equations 51-55 
first from the dividing streamline to the outer edge of the 
air viscous layer and then from the dividing streamline to 
the outer edge of the ablation viscous layer. This is a 
boundary value problem where five initial conditions are 
required to initiate integration at the dividing streamline 
but only one initial condition,the normal velocity, is 
known.. The other known boundary conditions are the outer 
edge values of tangential velocity and enthalpy for both 
layers which are obtained from the application of the general 
boundary layer matching principle. Equation 6l. Therefore, 
initial values of tangential velocity, enthalpy, and their 
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profile slopes at the dividing streamline must be assumed and 
iterated upon until the matching conditions at the outer edge 
are satisfied for both layers. A linearized Taylor series 
method is used to obtain new values for the assumed initial 
conditions. 
. The initial conditions for the start of integration are 
"•"as " ° ° 
un 1 = u-, -] ( 66 ) 
^^ds -^-^ds 
""as ° "iids 
''"as ° '^"as 
Which follow after application of the appropriate expansions 
to the dividing streamline matching conditions given by 
Equations 11 and 62. The first two relations indicate the 
constancy of pressure given by Equations 53 and 55, the 
third is the known initial condition, and the last four take 
on assumed values. The prime implies differentiation with 
respect to the magnified normal coordinate, n. 
Following Kao (34) or Van Dyke (49), the matching 
principle. Equation 6l, gives, for i = j = 1, 
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litn P-I- | (T] )  
Tl-«o ^ ds ^^ds 
11m P-i p ( T] ) ~ P-i p ~ P-i p 
T)-« ' ds 1 ds (67) 
11m U-|-| ( T] ) ~ U-| -, 
Tl-K=o ds 
11m T (T]) ~ H,-, 
•n-Ko ^ ds 
which are the matching conditions for the outer edge of the 
first-order air viscous layer and, similarly, 
11m p,-J (i-j) ^ p,-J = p, ^ 
n-.-oo ds -^^ds 
lim p^2 (n) ~ Ptq = Pi 
r|-»"co 
11m U2^-|^('p) ~ ^xi 
(68) 
•n- "ds 
lim ~ H 
n--* ds 
which are the matching conditions for the outer edge of the 
first-order ablation viscous layer. The first two relations 
in each case are satisfied automatically while the latter 
two in each case must be satisfied by Iteration of the 
assumed initial conditions. These are the same matching 
conditions as in classical boundary layer theory. No 
condition is Imposed on v^^ or v^^ since they belong to the 
next order approximation. The relevant results for a first-
order two layer viscous solution are presented in Figures l4 
through 16. 
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Second-order Invlscid Plow 
The second-order Invlscid flow Is a perturbation of the 
basic Invlscid flow Induced by the displacement effect of the 
first-order boundary layer. In order to approximate this flow 
field, see Figure 2, we shall follow the technique given by 
Kao (34) to determine the displaced position of the shock 
wave and body and the boundary conditions required for the 
integration of the second-order invlscid equations. This 
method is presented in Appendix B. Essentially, this method 
provides the unknown second-order Invlscid shock and body 
boundary conditions in terms of the known first-order invlscid 
shock and body boundary conditions. 
For the air layer, the second-order invlscid equations. 
Equations 45-49, are integrated using the shock wave boundary 
conditions from Appendix B, which are 
(69) 
pegfrg) = 6(-^ - ft pi2^)r'=rg 12_/r'=r s 
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as initial conditions and the terminal condition 
which results from the general matching principle. Equation 
61, applied for i=l and j=2. 
. As in the first-order inviscid case an iterative solu­
tion is required where the displacement effect, 5, is adjusted 
until the terminal matching condition is satisfied. 
Similarly, for the ablation layer, the second-order 
inviscid equations. Equations 45-49 in (~) quantities, 
are integrated using the" body boundary conditions from 
Appendix B nh s-pp 
Again, an iterative solution for 5 is required to satisfy 
the terminal matching condition. 
(71) 
11 
as initial conditions and the terminal condition 
^21 ~ [vii(n) 
ds n-^-oo 
(72) 
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As In the first-order Inviscld case, the pressure 
equation. Equation 58, requires the satisfaction of the 
dividing streamline matching condition, P^, = Po-, , 
^ds ^^ds 
between the air and ablation layers. Relevant results for 
this type of solution are Included In Figures 17 through 22. 
Second-order Viscous Plow 
The method of solution for the second-order viscous 
case. Equations 56-6o, Is the same as used In the first-
order viscous solution with an additional equation and, 
hence, an additional dividing streamline Initial condition 
which must be assumed. 
The initial conditions used are 
up-1 = upn (73) 
"^•^ds ^^ds 
^21ds ° ^21ds 
which follow from Equations 11 and 62. The first relation 
indicates the constant pressure requirement of Equation 58, 
the second is the known initial condition, and the last five 
4o 
take on assumed values which must be iterated upon. 
As previously, the known outer edge values are obtained 
• from the general matching principle. Equation 61, which 
gives, for i = j = 2, 
lim pot ( ti ) ~ t| ^"1"] fpn 
n-» ds ^^ds 
lim Pqo(t| )  ~ TI P-|p Ppp 
n-Ko ds '^'^ds 
(74) 
lim Up-,('n) T| ^"{"1 Upm ds Zl^g 
lim hp, ( Ti ) ~ T| T Hp-, 
ri-«. • ds ^ds 
as the matching conditions for the outer edge of the second-
order air viscous layer and 
lim Ppn ( T| ) ~ T| P-| 1 "I" Pp-1 
T1-.-00 ds ^ds 
lim Ppp(t|) ~ T) ^"1 p Ppp 
ri_-» ds ^^ds 
_ , , _ _ (75) 
lim Up, (t]) ~ t) Ui, + Up-
n-.-® ds ^^ds 
lim hp., ( T] ) ~ Ti H-j, + Hp, 
ds ^^ds 
as the matching conditions for the second-order ablation 
viscous layer. The first relation In each case being auto­
matically satisfied while the latter three in each case must 
be satisfied by iteration of the assumed initial conditions. 
No condition is imposed on Vg^ or Vg^ since they belong to 
the next order approximation. The relevant results for a 
second-order two layer viscous solution are presented In 
Figures 17 through 22. 
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Composite Solutions 
To obtain a uniform flow field solution, the general 
composite expansion equation. Equation 63j is applied to 
combine the required individual solutions. Using the 
tangential velocity component in the air layer as an example, 
we can write for a first-order composite solution 
^^ds 
or for a second-order composite solution 
(uii+eugi)(uii+eugi) 
- jj +u21 ; (77) 
^^ds ^^ds ^^ds 
where u(r,0) = u^^fr) sin @ and u^^, for i = 1 or 2, is the 
composite value of tangential velocity valid only in the 
stagnation streamline region when taken alone. Similar 
relations apply for the other flow field- quantities in the 
air and ablation layers. Composite solutions are presented 
in Figures l4 through 22. 
The numerical solutions of the systems of ordinary 
differential equations presented herein were obtained on the 
Iowa State University Computation Center IBM 36O-5O. The 
NODE integration routine which uses a fourth-order Runge-
Kutta-Gill starting, method with a predictor-corrector method 
thereafter was used for the integration of the equations. 
Four digit accuracy was used herein to lower computer run times 
although the capability for greater accuracy existed. 
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RESULTS AND CONCLUSIONS 
The numerical results presented in Appendix A represent 
the first analytical results for a two layer compressible 
model of the massive normal blowing problem using a new 
application of the method of matched asymptotic expansions. 
This double layer problem involves both first- and second-
order viscous and inviscid solutions and the corresponding 
matching problems. 
Specific examples demonstrating the applicability of the 
method to the massive normal blowing problem have been 
obtained for the stagnation region of a sphere. The basic 
case considered involves the following: M = 5, = 0.7, 
00  ^
Rg = 10^, and y = 1.22 for the outer layer and R^ = 10^, 
= 0.7, Y = 1.22, v^ = -0.1, h^ = 0.31, and = 0 for the 
ablation layer. The variations from this basic case involve 
M , y. Y, v^, Rg, and H^. Numerical results are 
presented for the following flow field models: l) two first-
order inviscid layers separated by a contact surface, 2) two 
inviscid layers separated by a viscous layer to first-order, 
and 3) two second-order- inviscid layers separated by a 
second-order viscous layer with displacement effects 
included approximately. These models follow logically as 
one proceeds to a second-order solution and the corresponding 
results are given in Figures 5-13, l4-l6, and 17-22, 
respectively. 
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The first-order inviscid solution of the basic case is 
shown in Figure 5. The variable profiles show the required 
dividing streamline pressure and normal velocity match as 
well as the tangential velocity and enthalpy slip expected 
for a contact surface type of solution. Figures 6 and 7 
provide similar results for cases where the changes in the 
basic case involve M =10 and y = Y = ï'4, respectively. 
00  ^
Solutions for this inviscid form of flow field can be 
obtained with relative ease; hence, several solutions were 
generated to determine the effects of body enthalpy, ablation 
layer specific heat ratio, and blowing velocity variations 
from the basic case. Figures 8 and 9 provide results for 
the body enthalpy variation. Figures 10 and 11 cover specific 
heat ratio effects, and Figures 12 and 13 show the effects of 
blowing velocity variation. The first figure in each case 
provides the variable profiles for which major differences 
from the basic case were found. Variable profiles not shown 
had little change in form except that caused by the change 
in distance from the body to the dividing streamline. The 
latter figure in each case provides an indication of the 
effects of these variations on body radius and pressure, 
mass transfer, and momentum transfer at the body surface. 
The first-order composite solution of the basic case 
for Re = Rg = 10^ is shown in Figure l4. The profiles show 
the expected type of transition from one layer to another. 
Figure 15 shows the individual first-order viscous and 
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inviscid solutions for the tangential velocity in this same 
case as well as the resulting composite solution. The effect 
of Reynolds number variation on the first-order composite 
tangential velocity is indicated in Figure l6. The effect 
of lower Reynolds number in widening the viscous layers is 
readily apparent here. It should be noted that the Reynolds 
numbers in the two layers are the same due to the way in 
which the equations were nondimensionalized. The actual form 
-which should be used for the ablation layer Reynolds number 
Is subject to question although the author feels that the 
enforced equality here is not unreasonable with regard to 
understanding the Reynolds number effect. 
Figure 17 provides the second-order composite solution 
for the basic case along with the corresponding first-order 
inviscid solution for comparison. The effect of Reynolds 
number variation on the second-order composite solution is 
shown in Figure l8. Further comparisons of the second-order 
composite and first-order inviscid profiles are shown in 
Figures 19 through 22. These are for the basic case 
variations of v^ = -0.05 and -0.15, y ~ 1-4, and h^ = 0.9, 
respectively. The comparisons show that, in general, the 
shock wave and body displacements are negligible for the 
Reynolds numbers considered here as are the second-order 
corrections to the flow variables. These results Indicate 
that the results of a first-order composite solution should 
be adequate for use as Initial conditions for a complete 
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flow field analysis. 
There is a limited amount of experimental work available 
for comparison with these numerical results. Kaattari (27) 
has provided data from an experimental study of porous 
spherical-segment-face models and a porous flat face model 
which includes a correlation of stand-off distance with a 
blowing rate parameter. Some of this information was also 
included in the earlier work of Katzen aid Kaattari (16). 
The results of the experimental study for both models in (27) 
are indicated by the solid lines in Figure 23 In terms of 
the present notation. In both (27) and (16), the experimental 
results for the spherical-segment-face models were compared 
with the results of the incompressible, inviscld theoretical 
analysis of Cresci and Libby (13). These analytical results 
fell nearly on the same line as that indicated for the 
spherical model in Figure 23. The numerical results of the 
present analysis are Indicated by the points shown in 
Figure 23. As may be seen, the numerical solutions for 
constant blowing velocity with other ablation layer conditions 
varied (see Figures 8 through 11) fall on one line while the 
results for blowing velocity variation (see Figures 12 and 13) 
fall on another. The two exceptions, denoted by triangles, 
are cases where the air layer Mach number or specific heat 
ratio are altered. The two distinct lines indicate that a 
correlation in terms of a body mass transfer parameter is 
not adequate for these results. 
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In general, the numerical results, as shown in Figure 
23, fall between the experimental results for the two model 
types. The comparison shows reasonable agreement within the 
apparent range of useful experimental results but this 
agreement deteriorates as the mass transfer parameter increases. 
The comparison shows that the numerical results fall closer 
to the flat face model experimental results than to the 
spherical model results. This is favorable in the light of the 
fact that the numerical results result from a stagnation 
region analysis. The comparison with the spherical model is 
hampered by the use of body stagnation region conditions 
from the numerical solutions which should be useful only near 
the stagnation streamline. For purpose of comparison these 
stagnation region results were used over a 60 degree spheri­
cal segment as was used in the experiments of (16) and (27). 
For the higher range of mass transfer parameter, the 
numerical results at constant blowing velocity appear to 
approach some limiting value of stand-off distance ratio. 
That is, the same type of behavior occurs as in the usual 
non-ablating blunt body problem where a limiting value of 
shock stand-off distance is approached. This asymptotic 
limit is not apparent from the results of the blowing 
velocity variation as shown in Figure 23. In the range of 
higher blowing velocities, the occurence of supersonic 
blowing is a possibility. This would cause the appearance 
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of a second shock wave between the body and the dividing 
streamline. In all numerical results presented here, sonic 
conditions at the body surface were avoided. Figure 24 gives 
an idealized criteria for the occurence of supersonic blowing 
in terms of y, v  ^ and h  ^ which was used as a guide in this 
study. 
A comparison of shock stand-off distances obtained herein 
with those of Lomax and Inouye (70) is shown in Figure 25. 
The shock stand-off distance obtained from the solution used 
here is consistently underpredicted as compared to the exact 
solution although the agreement is reasonable for engineering 
purposes. It is reasonable to expect a similar under-
prediction for the body stand-off distance but no way to 
show this definitely is available. As far as the comparison 
with experiment is concerned, it is felt that the under-
prediction in both layers would tend to cancel or at least 
diminish the effect of this discrepancy and would not greatly 
alter the comparison as given in Figure 23. 
A correlation between the mass transfer and momentum 
transfer at the body surface and the stand-off distance 
ratio for the numerical results obtained here is shown in 
Figure 26. It is seen that the geometry of the stagnation 
region, that is the ratio of ablation to outer layer thickness, 
is determined by the ratio of momentum transfer from the body 
to that of the free stream rather than the mass transfer 
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ratio. The numerical results of all cases run for M =5 
CO 
and Y = 1.22 fall nearly into a single line when considered 
in terms of the momentum ratio. The results of the blowing 
velocity variation cases now also appear to approach some 
limiting value of stand-off distance ratio when considered 
in terms of momentum transfer rather than mass transfer. 
The analogy of this behavior in the massive blowing case to 
the usual blunt body behavior is a favorable result in the 
author's opinion. This type of correlation has been indicated 
first by Kutler (7) and later by Hartunian and Spencer (29). 
Both have suggested that the momentum ratio is the signifi­
cant parameter in the massive blowing problem. The two 
points (A,v) have no readily apparent correlation with the 
basic case results. The first point (A) is obtained from the 
results of the solution for M^=10 and y=y=\.22. given in 
Figure 6 and the second (v) is for M =5 and y='y=l.K as given 
in Figure 7. A large number of additional numerical solutions 
for variations such as off the basic case will be required be­
fore any further correlation of the results can be accomplished.. 
From an overall view, the results of this investigation 
show that the application of the method of matched asymptotic 
expansions to a two layer model works quite well. This is the 
first application of this method to a problem of this type 
to the best of the author's knowledge. Application of this 
method is of value in that the effect of low Reynolds number 
can be obtained in both the second-order viscous and inviscid 
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solutions. In addition, the results of this study provide 
the initial conditions and required initial behavior for the 
general blunt body problem including massive blowing. Also, 
in a limited sense, the .geometry of the stagnation region 
has been shown to be determined by a momentum ratio rather 
than" a mass transfer ratio. Finally one may conclude that 
an inner inviscid region near the body is justified because 
of the consistency of the numerical solutions to second-order 
and, hence, that thermal radiation must therefore be included 
in any further analysis. 
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RECOMMENDATIONS FOR FURTHER STUDY 
The extensions to a stagnation region study of this 
type are numerous and lead in themselves to additional areas 
of study. Hence, only the areas which are felt by the author 
to be of immediate interest shall be pointed out. First, as 
indicated in the preceding section, the underprediction of 
shock stand-off distance as compared to exact results warrants 
further investigation. For example, the validity of the 
first truncation expansions in terms of e used herein and 
their effect in the reduction of the Rankine-Hugoniot 
relations to stagnation region boundary conditions should be 
considered. Also, the displacement effects of the first-
order viscous layers have been included approximately in 
the second-order solution. It would be of interest to 
apply the technique of Martin (71) which would include the 
displacement effects explicitly rather than implicitly as 
done in the present analysis. Additionally, the question of 
a representative ablation layer Reynolds number should be 
considered and more solutions completed to allow further 
correlation of numerical results so that the significant 
parameters in this type of problem can be more completely 
determined. Additional solutions are also required to help 
to define the area where the blowing conditions are such 
that an inviscid layer appears; that is, when the attached 
boundary layer becomes a blown-off boundary layer. These 
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areas of further study can be considered using the present 
analysis as a basis. 
Two extensions are of major importance. First, the 
stagnation region results obtained from the analysis presented 
here may be used as initial values for a study of the fluid 
mechanics Involved in the complete first-order flow field on 
a sphere undergoing massive blowing. This would involve 
solution of the systems of describing partial differential 
equations which were given in the discussion of the Reynolds 
number expansion scheme. Methods for approaching this type 
of problem are available as previously indicated in the 
Introduction. Second, since an inviscid region near the 
body is justifiable, the heat transfer mechanism must be 
thermal radiation. A stagnation region analysis including 
thermal radiation effects is, thus, of great interest and 
could possibly be included within the framework of the present 
analysis. 
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APPENDIX B: DISPLACEMENT BOUNDARY CONDITIONS 
The second-order Invlscid flow Is a perturbation of the 
basic inviscid flow induced by the displacement thickness of 
a first-order boundary layer. Here, the effect of the air and 
ablation first-order viscous layers is to cause a displacement 
of the shock wave and body, respectively. The displacement 
effects being with respect to the dividing streamline as shown 
in Figure 2 and in greater detail in Figures 3 and 4. These 
displacement effects are unknown quantities and must be 
determined along with the boundary conditions required for 
initiation of the integration of the second-order inviscid 
equations. 
In order to approximate this flow field, we shall follow 
the procedure outlined by Kao (34). This will allow us to 
obtain the second-order inviscid initial boundary conditions 
in terms of the known first-order inviscid solution results. 
Hence, the shock wave, dividing streamline, and body are 
assumed to remain spherical and the displacement effects are 
second-order effects in the Inviscid flow field. The displace­
ment effects are allowed to be either positive or negative 
depending on the requirements imposed by the first-order 
viscous solutions for the two layers. The displaced position 
of the shock wave or body depends upon the Reynolds number 
and is thus unknown for an arbitrary Reynolds number. 
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Consider first the shock displacement as indicated in 
Figure 3. It can be seen from geometric considerations that 
r sin 0 = r' sin @' 
r cos 0 = r' cos @ ' - eô 
which leads to 
I-S - ''sn ^ =« (79) 
Where ro and r^^ are the positions of the first-order and 
sn 
displaced shock waves measured from the origin 0. Thus, r^  
is a constant and g is the quantity to be determined. Using 
these relations, we can relate the flow variables between the 
two coordinate systems indicated in Figure 3. Thus, we 
evaluate all flow variables at r^  by a Taylor series expansion 
about r_„. This requires the assumption that the flow 
variables immediately behind the shock wave are analytic. 
Also, this will allow the second-order integrations to be 
carried out from a definite position. 
For example, we expand u(r,@) about r=rg  ^ in the 
neighborhood of e6 as 
where u(r, 0 )  Is the tangential velocity component before the 
g and 0 expansions. Equations 12 and 37j are applied. 
Application of these expansions to Equation 80 gives 
u ( r g - o ^ = u f r  + P Ô .  Û  ) = r u f r .  Û  )  1  f r . o ) i  
(80) 
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[ u n ) + e u 2 j | ^ ( f o + e u g ^ ( r )  + .  .  .  1 p _ p  
+e6f^p [uii(r)+eu2^(r)+...]}y_p + 0(e^6^) 
and, equating orders of e, we then have 
= [%ll(r)]r=rgn (8l) 
au-n 
%2l(r8) = [%2l(r)+e-âf^ (82) 
Similar expressions may be -written for the other variables. 
Now, with the position of the shock wave displaced, the 
flow variables behind the new shock wave are first expressed 
in the frame of reference 0', so that the usual Rankine-
Hugoniot relations can be applied, and then transformed to 
the frame of reference 0. We note here that when the e and 9 
expansions. Equations 12 and 37, are applied to the Rankine-
Hugoniot relations, we obtain 
= 0 (83) 
Since Reynolds number does not appear in these relations. Now, 
from the rotation of the velocity vector, we have 
u(r,0)=u (r',0') cos 0" -v (r',8')sin G" 
(84) 
v(r,0)=v (^r',0') cos g" +u (^r•,0')sin 0" 
where 9" = 0 - 0'. The pressure is a point function and thus 
is the same in both coordinate systems which gives 
p(r,0) = p(r',8') (85) 
These equations give us the required relations between the 
variables in both coordinate systems. 
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Taking u as an examplej we apply the e and e expansions 
to Equation 84 to obtain 
[Uii(r>)+eU2i(r)+...] Sin 0= (r' )+eUg (^r ' ) + . . . ](8in e' ) % 
(cos 9 cos 6' + sin q sin g ' ) -[V.. (r')+eV2.(r') + ...]% 
n 
(-cos 6') (sin 0 cos g ' - cos g sin g ' ) (86) 
Using the geometric relations given in Equations 78 and 79 
to simplify this relation, we have 
[Uii(r)+eU2i(r)+...]=[Uii (r'ï+eUg  ^ (r')+...] 
n n 
+ (r'j+svgy (r')+...i-[u._ (r')+eup, (r')+...]} 
•^ •^ n -^ n -^ -^ n "^ n 
+ ofe^jsin^g) 
and, comparing orders of e, we obtain 
U (r) = [U (r')]p,^ p (87) 
-^ -^ n s 
Uglfr) = [%21 (:")+#'[^ 11 (r')-%!! (?')]}?,=? (88) 
Applying Equation 87 to Equation 81, we obtain 
oil(rs) = [0 (r')lr,,r (89) 
n s 
which indicates that the first-order boundary condition is the 
same at the displaced and first-order shock waves. Applying 
Equations 87 and 88 to Equation 82, we obtain 
®lln i 
(r')-Uii (r'))]} 
r ' =rg 
but, as noted above. Up, (r )=0 and we obtain the following 
•^ n 
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initial boundary condition for the second-order Invlscid 
tangential velocity 
mil 
°2ik) (f) (r')-uii (r')]r,.r 
S o -^ -^ n n s 
(90) 
If we apply a similar approach to the other variables in the 
system, we obtain the initial conditions at r = r= for the 
second-order invlscid air layer as 
^ai(^3) = 
ôuii 
s^ll 
T:2]L (^ 8 ) = 5(--:;;rr!l):., ( 91 ) 
^^12„ 2 
^22^^s  ^ gr' r' ^12 r^'=r n s 
We can now initiate integration at r^ , the first-order 
s h o c k  s t a n d - o f f  d i s t a n c e ,  a n d ,  b y  a s s u m i n g  a  v a l u e  o f  5 ,  
determine the required initial boundary conditions. Thus, & 
must be assumed initially and be found by iterative solution 
of the numerical integration. 
As may be seen in Figure 4, the displacement effect of 
the first-order ablation viscous layer on the body may be 
analyzed in the same manner as the shock displacement effect 
was above. If the same procedure is applied, we obtain 
similar results but it must be noted that the Rankine-Hugoniot 
92 
relations are not applied in the inviscid ablation layer. 
The Initial first-order values at the body were assumed 
within certain restrictions. Thus, to follow the same 
approach as used in the air layer, we must assume that the 
second-order body values are zero; that is, 
^21^(^b) ^  ^21^(^b) " ^21^^^b^ ^ ^ 22^(^b) ^  ° (92) 
Allowing this, we obtain the initial conditions at r = r^  for 
the second-order inviscid ablation layer as 
2^11 
ô\l 
^21 (r^) = 6 (-^^)r'=r^ (93) 
8  (  -  J ,  
«21 ("b) = 
^11 
where 5 is initially assumed and found by an iterative inte­
gration solution. 
